ABSTRACT. One challenge in improving our understanding of ice-stream dynamics is to develop models of the spatial and temporal transition from ice-sheet to ice-stream flow. We address this with a new, vertically integrated, higher-order formulation for ice-sheet dynamics that captures the leading-order physics of low aspect ratio, viscous fluid flow, regardless of the amount of slip at the bed. The theory introduces a parameter, , which approximates the ratio of the basal stress to the shear stress scale, providing a measure of the relative importance of sliding and internal deformation. Our model is able to simultaneously describe the dynamics of both a slow-moving sheet and rapidly flowing ice streams. To test the formulation, we apply a triple-valued sliding law as the basal boundary condition and obtain numerical solutions that can be compared with previous work. We investigate the sensitivity of flow regimes and shear margin width to parameter variation, deriving a scaling for the latter. We also consider a double-valued sliding law, which enforces a constant, low basal stress beneath the ice stream. Comparisons of the resultant stress fields illustrate the different stress balances that can maintain ice-stream flow.
INTRODUCTION
An ice stream is a region of an inland ice sheet where the ice flows much more rapidly than the surrounding ice (Swithinbank, 1954) . The reasons for the existence of some ice streams is clear; variations in bedrock topography cause ice to be channelled into bedrock troughs. The thicker ice then leads to larger shear stresses and hence faster flow (e.g. Rutford Ice Stream, West Antarctica (Doake and others, 2001 ); Jakobshavn Isbr&, Greenland (Clarke and Echelmeyer, 1996) ). This is the same concept as for an outlet glacier, except that for a common outlet glacier one expects the bedrock walls of the topographic low to be exposed (Truffer and Echelmeyer, 2003) . As Swithinbank (1954) pointed out, there exist some ice streams draining an ice-sheet basin that do not appear to have bedrock highs defining their margins. These are known as pure ice streams; the most prominent examples being the five distinct streams flowing out to the Ross Ice Shelf in the Siple Coast region of Antarctica (Shabtaie and Bentley, 1987; Paterson, 1994; Joughin and Tulaczyk, 2002; Bennett, 2003) . Shear zones mark their boundaries and these margins are often highly crevassed due to the horizontal shear stresses exceeding the tensile strength of the ice (Echelmeyer and others, 1994; Bindschadler and others, 2001; Raymond and others, 2001 ). It appears that in these fast-moving streams basal sliding is a dominant component of the motion, driven by the presence of meltwater or deformable wet sediment slurries at the base of the sheet (Alley and others, 1987; Clarke, 2005; Lemke and others, 2007) . There are, however, many questions about these processes yet to be answered, because the bed of an ice sheet is a relatively inaccessible environment, and because the physics governing the coupled behaviour of the ice with meltwater drainage through the bed is a relatively underdeveloped area of research.
Ice streams are an important phenomenon to understand, since a significant proportion of all ice and sediment discharge occurs through them, despite the fact that they are only found over a small proportion of an ice sheet. In Antarctica, for example, it is estimated that ice streams cover $10% of the ice sheet's surface, but transmit up to 90% of drainage (Bamber and others, 2000; Rignot and others, 2011) . It is therefore vital to learn more about their behaviour, both to help in understanding past ice-sheet collapse, and to predict the evolution of current ice sheets into the future.
A significant challenge in ice-sheet dynamics is to accurately capture the transition from ice-sheet to icestream flow; this is critically important in modelling the temporal emergence and stagnation of ice streams. While most of an ice sheet is frozen to the bed, resulting in gravitydriven vertical shear, in ice streams the ice slips over the bed, introducing significant membrane stress gradients. An appropriate model must be able to describe both types of behaviour; under the assumption that ice is an incompressible viscous fluid, the Stokes equation provides a suitable description of all flow regimes. However, these equations are computationally expensive to solve in three dimensions (3-D) and approximations are commonly used. Two such approximations, representing end-member models, are the shallow-ice approximation (SIA; Fowler and Larson, 1978; Morland and Johnson, 1980; Hutter, 1983) and shallow-shelf approximation (SSA; MacAyeal, 1989; Weis and others, 1999) . The SIA assumes that the ice is frozen to the bed or only slipping very slowly; vertical shear stresses are supported by the basal drag in the stress balance. The approximation is valid only in regions of low basal slip, and its accuracy decreases significantly as the amount of basal slip increases (Gudmundsson, 2003; Hindmarsh, 2004) . The SSA assumes there are no basal shear stresses and horizontal velocities therefore do not vary with depth. It can accurately describe dynamics within an ice stream, but provides an inaccurate flow description outside ice streams and in regions where there is strong basal friction balancing vertical shear stresses.
One approach to accurately describing all flow regimes within an ice sheet is to use both the above end-member models, coupling them together by imposing jump conditions at stream and shelf boundaries (Hulbe and MacAyeal, 1999; Ritz and others, 2001; Schoof, 2006) . It is convenient, however, to describe the flow of an ice sheet using the same set of partial differential equations over the whole domain. Hybrid approximations provide a way of computing the leading-order flow dynamics for all flow regimes within an ice sheet without the numerical challenges of solving a fullStokes flow system (e.g. Blatter, 1995; Bueler and Brown, 2009; Schoof and Hindmarsh, 2010; Goldberg, 2011; Winkelmann and others, 2011) . In this study we derive a shallow-ice hybrid approximation, taking a similar approach to Schoof and Hindmarsh (2010) by introducing a scaling parameter related to the proportion of velocity due to slip at the bed. Other authors have taken different approaches; in particular Bueler and Brown (2009) solve the nonlinear SIA and SSA separately and then add the solutions together using an arbitrary weighting function.
Regardless of the model used for the ice flow, the accuracy of the flow description is largely due to correct computation of the basal velocity. The amount of slip that can occur at the bed is governed by the frictional resistance there, which, in turn, is intrinsically linked to bed characteristics and the subglacial hydrology (e.g. Iken and Bindschadler, 1986; Clarke, 2005) . It is common to represent this response of the basal velocity to changes in basal shear stress through a sliding law (e.g. Paterson, 1994; Fowler, 2010) . Since the subglacial hydrological system is complex, and relatively little is known about it due to its inaccessibility, sliding laws are typically phenomenological -they are consistent with the theory of processes governing the relationship, rather than directly derived from the physics. Single-valued sliding laws of the form u b ¼ A n b are long-established and still commonly used (e.g. Weertman, 1972; Fowler, 1981) , but more detailed considerations of the subglacial hydrological system can suggest a variety of different relationships.
There are two contrasting types of subglacial drainage systems commonly discussed in the literature. If there is little meltwater production, the bed can be effectively drained by a distributed system of cavities, or by a simple porous flow through sediment. With increasing meltwater production, water pressure beneath the ice increases, lowering the effective pressure and hence resulting in more rapid sliding (Lliboutry, 1968; Kamb and others, 1985; Walder, 1986; Fountain and Walder, 1998) . In contrast, some subglacial water transport occurs through larger-scale Rö thlisberger channels. These provide efficient drainage for the meltwater, resulting in low water pressure at the bed and hence lower sliding velocities (Rö thlisberger, 1972) . Transition between these two types of drainage system can occur, for example when the discharge of meltwater has accumulated so much that a distributed system becomes over-pressurized, initializing channelized drainage (Hewitt, 2011) .
The physics governing these drainage mechanisms has motivated the use of multivalued sliding laws as the basal boundary condition (Lliboutry, 1968; Hutter, 1982; McMeeking and Johnson, 1986; Fowler, 1987a,b; Kamb, 1987) . Fowler and Johnson (1995, 1996) demonstrated that a 'hydraulic runaway' mechanism is suggestive of a triplevalued sliding law, based on the positive destabilizing feedback between basal friction and increased meltwater production in a distributed drainage system. Sayag and Tziperman (2009) invoked a switch in drainage system as motivation for a triple-valued sliding law, suggesting that the two stable branches correspond to different drainage patterns at the bed.
However, there is more evidence for high-water-pressure, distributed drainage beneath ice sheets (Engelhardt and Kamb, 1991) , and as yet no direct confirmation of the existence of Rö thlisberger channels beneath ice streams. Therefore, although there is evidence that before an ice stream forms the bed is already at the pressure-melting point in the onset region (e.g. Bindschadler and others, 2000) , a switch in drainage systems seems an unlikely reason for icestream formation. In fact, the Siple Coast appears to be underlain by a layer of till (Alley and others, 1986; Blankenship and others, 1986; Tulaczyk and others, 2000b) . While the driving stress on Siple Coast ice streams is 10-20 kPa (Paterson, 1994; Truffer and Echelmeyer, 2003) , Engelhardt and Kamb (1991) showed through laboratory tests that the yield stress of underlying sediment is an order of magnitude smaller, and hence the till is unable to support the driving stress. The driving stress must therefore be resisted elsewhere. Physical reasoning suggests lateral shear in the ice-stream margins must provide some of this resistance, with only a small fraction balanced by friction at the bed (Echelmeyer and others, 1994; Raymond, 1996; Jackson and Kamb, 1997; Hulbe and Payne, 2001; Kamb, 2001; Truffer and others, 2001; Schoof, 2004; Sayag and Tziperman, 2008) . A triplevalued sliding law has two stable branches so that the driving stress is balanced by the basal stress in both the slow-and fast-flow regimes. In contrast, a double-valued sliding law enforces a low basal stress beneath an ice stream. One therefore wonders if a double-valued sliding law also allows for ice-stream behaviour in a numerical model.
In this paper we examine the effect of the two different sliding laws on a model of ice-stream formation. We use a model that takes into account both membrane stresses and vertical shear stresses, providing a suitable description of ice flow both within and outside ice streams. Although we do not explicitly model subglacial hydrological features here, hydrological mechanisms are an important motivating factor for the relationships between basal stress and basal velocity used. The aim is to learn more about the fundamental stress balances in ice streams.
The paper is organized as follows. Section 2 provides details of the model, introducing the theory and describing the model set-up and numerical approach. In Section 3 we benchmark the model by applying a triple-valued sliding law at the bed. We extend Sayag and Tziperman's (2009) work, investigating in more detail the triple-valued sliding law and the flow behaviour it produces. Section 4 considers behaviour under a double-valued sliding law. We find a relationship between governing parameters that allows for the formation of a stable ice stream, held back primarily by membrane stresses. In Section 5 we compare results under the two sliding laws and discuss the implications of use of the vertically integrated, higher-order formulation in comparison with the SSA.
MODEL DESCRIPTION
We consider an ice sheet of density and viscosity . The bedrock is at an elevation bðx, yÞ and the surface elevation is given by sðx, yÞ. It follows that h ¼ s À b is the thickness of the ice. The velocity in the 3-D fluid domain is given by u ¼ ðu, v, wÞ. We are interested in the interior of the ice sheet where ice streams emerge. We therefore consider a patch of ice somewhere upstream of the grounding line, so that there is no need to include grounding-line or ice-shelf dynamics in the model.
Governing equations for the hybrid description of ice flow
To simplify the Stokes equation, we introduce a parameter, " ¼ ½d =½l, where ½d and ½l are the vertical and horizontal length scales associated with an ice sheet, with typical values provided in Table 1 . Since the lateral extent of an ice sheet is much greater than its thickness (e.g. Fowler, 1997) , " ¼ ½d =½l is taken to be very small, as in lubrication theory.
For equilibrium at the ice-sheet bed, the basal drag, b , resists the local driving stress, as assumed in the SIA. If, however, there is basal sliding, it is necessary to consider additional stress gradients in the model. In light of this we introduce a new dimensionless parameter, , which is the ratio of the magnitude of the basal stress to the viscous shear stress scale, providing an estimate of slip,
When $ Oð1Þ the flow is shear-dominated (basal stresses are of similar magnitude to the vertical shear stresses) while for ( 1, basal stresses are small compared with vertical shear, and the flow is sliding-dominated. is never >1 since b < ½u=½d at all times, and equal if, and only if, the ice sheet is frozen to the bed and no slip is occurring (i.e. if the static basal stress is locally in balance with the driving stress, as in the SIA).
This parameter is similar to the traction number of Schoof and Hindmarsh (2010) and the slip ratio of Gudmundsson (2003) . More specifically, if we define a deformational velocity scale due to vertical shear, Schoof and Hindmarsh, 2010) , then our parameter, , can be written as ¼ ½u d =½u, which is the inverse of the slip ratio used by Gudmundsson (2003) and is closely related to the stress ratio used by Schoof and Hindmarsh (2010) . An advantage of our formulation is that 0 < 1, making it easier to consider the whole range of sliding regimes, as is the purpose of using a higher-order formulation.
With " and as the two control parameters, we derive a set of non-dimensional equations for h, u b and v b , as outlined in Appendix A (Fowler, 2011) . We make the thinfilm assumption, meaning that we neglect the horizontal gradients of the vertical shear stresses. We assume that there are no abrupt changes in basal or surface elevation, as is consistent with observations of pure ice streams. Moreover, membrane stresses are accurately approximated by using the sliding velocity to compute them; if the horizontal velocities, ðu, vÞ, change rapidly in space, then this must be due to rapid changes in sliding velocity, ðu b , v b Þ. These assumptions are explained more comprehensively in Appendix A.
The governing equation for conservation of mass is
where a is the accumulation rate,
and S is the resistive stress tensor (Van der Veen, 1999; Hindmarsh, 2012) , given by
Note that in the specific case where > Oð" 2 Þ, can be approximated as
¼ Àr rs ð4Þ
in Eqn (1), as is evident from an expansion of jj nÀ1 , retaining terms greater than Oð" 2 Þ. Equation (1) is a depth-integrated equation for conservation of mass. It shows that a change in depth of ice at some point is caused by divergence of the ice flux and the accumulation rate at that point. If ! 0 then ice flux approximates to hu b (plug flow) whereas if ¼ 1 the flux corresponds to that for free-surface lubrication flow (as in the SIA).
Conservation of momentum is given by
which describes the force balance at the bed. The three terms correspond to basal stress, driving stress and membrane stress contributions, respectively. For $ Oð1Þ, the membrane stress contribution is small and the balance is largely between the basal and driving stress; for ( 1 the membrane stress correction plays a more significant role in the stress balance. 
Constitutive sliding law
Sliding laws of the form b ¼ f ðu b Þ are long-established. However, because of the strong dependence of basal friction on the effective pressure at the bed, sliding laws of the form b ¼ f ðu b , NÞ, where N is the effective pressure at the bed, provide a better description. In the current framework we do not model the basal water pressure; hence we use the first kind, although some dependence on effective pressure is implicitly included in our choice of f .
More specifically, in the first part of this work we consider a triple-valued sliding law. Tziperman (2009, 2011) developed the ideas behind such a sliding law and we adopt their implementation, which is obtained analytically from a simple one-dimensional (1-D) force balance, based on the cross-flow structure of an ice stream. Figure 1 illustrates the resulting non-dimensional relationship, given by
where and are parameters taken to be À0:9 and 50, respectively. A multivalued sliding law is expected to be unstable on its middle branch where @ b =@u b < 0 (Lliboutry, 1968, p. 55) . Consequently, if the stress is gradually increased while on the lower branch to the first maximum in Figure 1 , a transition must then occur to the upper branch, and this transient must involve the rapid variation of some other dynamical quantity that is implicitly involved in the sliding law. Commonly, this hidden variable is taken to be the subglacial effective pressure, which is also presumed to be the underlying cause of the multivaluedness (Fowler, 1987b) . We therefore introduce a new variable, , such that
where is a parameter that describes the timescale on which relaxes to u b , i.e. a timescale for the evolution of the subglacial drainage system. This timescale introduces a limit to how rapidly velocities can transition between u À and u þ .
By replacing u b with in the part of the triple-valued sliding law that governs the positioning of the unstable branch (the cubic polynomial), we obtain a relationship between basal stress and velocity with some time dependence in it, defining a timescale over which velocity changes in response to changes in basal stress. In particular, taking ¼ 10 À3 gives a timescale of evolution for the system of 0.4 years, given the other scales in Table 1 .
The triple-valued sliding law hence becomes
We propose that sliding laws of the form b ¼ f ðu b Þ which express a physically unstable relationship between b and u b should be replaced with those of the The simulations are initialized in a steady state that is uniform in the cross-flow direction. Downstream of the inflow boundary the ice has a constant thickness, h ¼ 1. There is no variation in velocity in the cross-flow direction, i.e. ðu, vÞ ¼ ðuðxÞ, 0Þ. Under these conditions, the velocity field can be computed from Eqns (5) and (8), with ¼ u b j j in the steady state. A background 'balance' accumulation, a b ðxÞ, is required to maintain the steady state. This balance accumulation is the steady-state solution of Eqn (1), given by
Model set-up and numerical solution
A forcing is required to produce ice-stream behaviour. A perturbation accumulation, a p ðx, yÞ, is therefore also applied, in the form of a truncated Gaussian at the upper boundary (motivated by Sayag and Tziperman, 2009 ). More specifically, a p ðx, yÞ is given by
where A 0 is the magnitude of the perturbation. The magnitudes used are necessarily large, but can be thought of as representing the sum of accumulation rates from upstream. Use of such a forcing provides a simple way of reproducing ice-stream behaviour, which allows us to study the resulting downstream flow regimes. We discretize the governing equations and boundary conditions using a finite-difference scheme with semiimplicit time-stepping. We use a staggered, Cartesian, two-dimensional (2-D) grid with n i Â n j discrete points (Rommelaere and Ritz, 1996; Sayag and Tziperman, 2009 ). An upwind difference scheme is implemented at the open outflow boundary, together with the condition @u=@x ¼ 0 (Sayag and Tziperman, 2009 ). The nonlinear system of equations is solved using a Newton-Krylov solver, provided by the Portable Extensible Toolkit for Scientific Computation (Balay and others, 1997, 2012a,b) . The fully coupled system is inverted at each time-step, and the solution is accepted when the absolute size of the nonlinear system residual is <10
À8 . To aid numerical solution, if this condition is not satisfied after 50 iterations we split the equations into two groups (Eqns (1) and (7) in one, and the components of Eqn (5) in the other) and solve them iteratively using a Picard iteration with a subspace correction (Hindmarsh and Payne, 1996 ). The code is tested against two analytic solutions, as outlined in Appendix B. The code converges to the steady-state solutions rapidly and the accuracy of the agreement is good.
Values of constants are given in Table 1 . The value of the maximum time-step must always be smaller than the relaxation timescale defined by so that changes in velocity are not limited by the size of the time-step.
An alternative set-up, together with some basic results, is discussed in Appendix C.
RESULTS WITH A TRIPLE-VALUED SLIDING LAW

Reference flow regimes at small
In order to assess the suitability of the model for describing ice dynamics in and outside ice streams, we apply the triplevalued sliding law as the basal boundary condition in the set-up described in Section 2.3. The ice rheology is taken to be Newtonian, to allow us to compare results with Sayag and Tziperman (2009) . Figure 3 shows the three distinct flow regimes that occur as a result of varying the magnitude of the perturbation accumulation, A 0 . Other parameter values are given in Table 1 .
In Figure 3a , for a small value of A 0 , the solution reaches a steady state in which the velocities all fall on the slow, stable branch of the sliding law and the influx is dispersed across the domain. Figure 3d shows the evolution of the total flux out of the domain, which reaches a steady state after $2000 years.
In Figure 3b , for a slightly larger value of A 0 , solutions oscillate between slow-flow and fast-flow behaviour. Initially the velocity field falls entirely on the slow branch of the sliding law. As the accumulation builds up near the inflow boundary, increasing the surface slope, the velocity moves to the fast stable branch of the sliding law and an ice stream forms downstream of the perturbation. The ice stream evolves, drawing down the additional upstream mass accumulation, until there is no longer a driving stress sufficient to maintain the stream. The ice stream narrows before collapsing back to its no-stream state. The cycle then repeats.
Finally, in Figure 3c , further increasing the magnitude of the perturbation accumulation, A 0 , results in sustained flow on the fast, stable branch of the sliding law. A steady-state stream forms, with different regions of the domain on different branches of the sliding law.
These are the same three distinct flow regimes that were reported by Sayag and Tziperman (2009) , who used the same set-up, but solved the SSA. The regimes illustrated in figures 5-7 in their work directly correspond to those shown in Figure 3 here. We have neglected to include the depth fields and cross-stream velocity profiles, as the most interesting behaviour is captured in the plots included here. Quantitative differences occur between our results and theirs for a given accumulation perturbation, due to the use of a higher-order formulation in our work, which accounts for vertical variation in horizontal velocities. Particularly in regions of low basal velocity, the added component of velocity at the ice surface due to vertical shear is significant, and results in larger outflow from the domain for a given basal velocity. A further difference arises from the addition of the parameter into the sliding law (Eqn (8)). It makes our solver convergence more rapid and more robust. Moreover, the jumps in velocity in the solutions are less rapid and the overall behaviour is smoother, as can be seen by direct comparison of Figure 3e and f with figures 7a and 6a, respectively, in Sayag and Tziperman (2009) 
, results in behaviour as seen by Sayag and Tziperman (2009) , with rapid jumps in flux when the solution moves across the unstable branch of the sliding law (e.g. in the region 11-12 years in figure 6a of their paper).
Variations in
Having verified (Section 3.1) that our formulation reproduces the three flow regimes obtained by Sayag and Tziperman (2009), we diverge from their study to look at the effect of including vertical variation in horizontal velocity due to gravity-driven shear. We do so by varying the scaling parameter, , corresponding to the basal-toshear-stress ratio, and looking at the impact on emergent icestream behaviour. A value of ( 1 corresponds to attributing most of the movement to sliding when considering the stress balance (as in the SSA), while ¼ 1 corresponds to assuming that all velocity is due to vertical shear (as in the SIA). Intermediate values correspond to various different proportions of the velocity being attributed to sliding when considering the stress balance.
Shear margin width
The value of affects the characteristics of an ice stream that forms under this formulation. We consider a simple model of an ice stream where the cross-stream velocity component, v, is zero, and u only varies in the cross-stream direction (Sayag and Tziperman, 2011) . Figure 3c shows this to be a fair description for a steady-state ice stream downstream of the onset zone.
Under these simplifications, the only non-trivial, nondimensional governing equation is
Assuming that vertical shear is negligible compared with lateral shear in the stream itself, we have 13 ( ð"=Þ 12 . This assumption means 2 can be approximated as
We now seek the distance, W m , corresponding to the velocity drop, ÁU, across the shear margin. Assuming a balance between the driving stress and horizontal shear in the margins, we obtain the relation
Now the value of ÁU is enforced by the triple-valued sliding law (and corresponds to ðu þ À u À Þ in Fig. 1) . The shear margin must therefore obey
for constants K 1 and K 2 .
Taking logarithms of Eqn (15) gives
suggesting that a logarithmic plot of W m against should give a straight line with gradient À1=ðn þ 1Þ. Figure 4 is a plot of margin width against from results of simulations run on a 200 Â 200 grid. The circles correspond to Newtonian viscosity (n ¼ 1) and the squares to nonNewtonian viscosity (n ¼ 3). Lines with gradients À1=2 and À1=4 are plotted through the Newtonian and nonNewtonian points, respectively. The horizontal gridlines are plotted at intervals of the grid spacing in the simulations. The margin width decreases as increases, since membrane stresses play a less dominant role in the stress balance. Without membrane stresses, large jumps in velocity are allowed to occur over a small distance. Moreover, when the margin width is small and spans only two or three gridpoints, it can only take one of a few discrete values, given the choice of resolution. We therefore see that the lines with gradient À1=ðn þ 1Þ in Figure 4 are a very good fit to the plotted points, only losing accuracy for numerically unresolved margin widths.
Effect of on flow regime
We also address the question of how the choice of affects flow behaviour across all flow regimes with an ensemble of simulations. Values of and A 0 are different in each simulation. Figure 5 maps the resulting flow regimes for different parameter combinations. All three distinct flow regimes occur, each plotted with a different marker; the divides between flow regimes in parameter space are shaded and labelled numerically. We discuss each of these boundaries and explain the physical processes that govern where the boundaries lie in parameter space.
Boundaries 1 and 2 separate solutions that remain at all times on the slow stable branch of the sliding law (dark circles in Fig. 5 ) from those that exhibit some oscillatory or streaming behaviour (grey diamonds and white squares in Fig. 5, respectively) . The minimum perturbation to the accumulation field large enough to cause the flow to move onto the fast branch of the sliding law occurs at % 0:1. For < 0:1 the required size of the perturbation accumulation increases as decreases further (divide 2), and similarly, for > 0:1, the size of a p must be increased further for there to be any solutions that exhibit fast-flow behaviour (divide 1).
In a bid to explain these observations we consider the necessary conditions for the flow to enter the fast-flow regime. As a result of implementing the triple-valued sliding law, the basal stress must reach a critical value, þ (Fig. 1) before transitioning onto the unstable branch of the sliding law. Equation (5) 
When $ 1 the correction for membrane stress effects is Oð" 2 Þ, and so to Oð" 2 Þ accuracy the balance is between driving and basal stress, as in the SIA. When the driving stress in the onset region reaches the critical value, þ , the transition onto the unstable branch of the sliding law occurs and there is resulting fast-flow behaviour. The correction for membrane stresses, however, becomes more significant for smaller values of and so influences how large the driving stress, Àh@s=@x, needs to become before the basal stress reaches the critical value. In turn, the rate at which the accumulation builds up in the onset zone controls this increase in driving stress. The build-up further depends on the rate at which the incoming ice is drawn downstream. We hence consider the non-dimensional flux out of the domain, which in the Newtonian case, with bed-slope gradient À1 and constant depth field 1 (as is the case for ice streams which form in this suite of simulations), is given by
where U s is the transversely averaged stream velocity and W s the width of the ice stream. It is evident that, when $ Oð1Þ, the increased flux due to vertical shear can be significant, whereas when is small this effect is insignificant.
For boundary 1 in Figure 5 , > $ 10 À1 , and hence the membrane stress correction in Eqn (17) is negligible. Equation (18) shows that as increases there will be a resultant increase in outflow from the domain for a given basal velocity. For a given basal velocity field, more ice is therefore removed with higher values of ; hence less ice accumulates in the onset region where the accumulation perturbation is applied. A larger a p is required at higher for the driving stress to reach the critical value to cause transition onto the unstable branch of the sliding law ( þ in Fig. 1 ). This explains the positive gradient of curve 1 for > $ 10 À1 . The curve defining boundary 2 in Figure 5 , in contrast, has a negative gradient. For smaller values of , the flow velocities remain completely on the slow branch of the sliding law for much larger accumulation rates. At these lower values of , =3 is small and so the outflow (Eqn (18)) depends only on u b . It is necessary then to consider the effect of the membrane stress correction in the stress balance (Eqn (17)). While for > $ 10 À1 the dominant balance is between the basal stress and the driving stress, as decreases further, the Oð" 2 =Þ correction in Eqn (17) becomes more significant. The greater accumulation in the onset region causes the driving stress to increase. The increasing velocity in the onset region results in large negative gradients in the longitudinal stress, since the velocities downstream are lower. The Oð"
2 =Þ correction is therefore negative, meaning that the driving stress needs to reach larger values before the right-hand side of Eqn (17) will reach the critical value, þ , at which the transition to the unstable branch of the sliding law will occur. This effect is only further amplified as decreases further, and so larger perturbations to the accumulation field are required to reach the higher driving stresses that result in oscillatory/streaming behaviour. This explains the negative gradient of the curve separating the slow flow behaviour and oscillatory/streaming behaviour for < $ 10 À1 . Since lower values of correspond to a stress balance where membrane stresses are of increased significance, this result emphasizes the important effect membrane stresses can have in inhibiting the emergence of ice streams.
Finally we consider what governs boundary 3, which separates flow that periodically surges from those solutions that form a steady-state stream. There is no oscillatory flow once this boundary intersects boundary 1, for > $ 0.2. For a steady-state stream to exist, the outflow from the domain must balance the incoming mass accumulation perturbation, R R a p ðx, yÞ dx dy. Equation (10) gives an expression for a p that can be integrated:
Z Z a p ðx, yÞ dx dy ¼
giving the total incoming perturbation accumulation.
Equating the outflow (Eqn (18)) and the incoming mass accumulation (Eqn (19)) gives
Equation (20) gives the necessary condition that must be satisfied for a solution to form an ice stream. If there is enough incoming mass accumulation to maintain a stream of width W s , the solution will form a steady-state stream; if there is not, the solution will oscillate. Given that the flux in a stream is given by Eqn (18), why then does a solution with a smaller value of need more accumulation before a steady-state stream can form? It is due to the fact that a smaller value of results in stresses being delocalized and so results in wider shear margins, as discussed in Section 3.2.1. We therefore have a wider strip of the domain flowing at higher velocities and hence greater outflow from the domain at smaller . Consequently more incoming mass accumulation is required with smaller values of to be able to maintain the resulting wider streams.
RESULTS WITH A DOUBLE-VALUED SLIDING LAW
While there are physical mechanisms involving meltwater drainage feedbacks that motivate the choice of a triplevalued sliding law (Fowler and Johnson, 1995; Sayag and Tziperman, 2009 ), some of these effects are more common on a seasonal timescale and hence probably more relevant as controlling mechanisms for seasonal surges (e.g. Schoof, 2010) . In Antarctica, studies suggest the till behaves more like a plastic material with a yield stress (Alley and others, 1986; Blankenship and others, 1986) . The triple-valued sliding law does not represent such behaviour well; Figure 6 illustrates that under the triple-valued law, the modelled basal stress beneath an ice stream is as high as that outside the stream.
McMeeking and Johnson (1986) suggested a sliding law, such as curve (2) in Figure 6a , to be a good way of representing physical processes occurring at the bed. The existence of a critical velocity, u À , at which the base fails was one possible explanation they provided, along with the possibility of the high stresses at a surge front disrupting the in situ drainage system, perhaps closing off a channelized system.
We ran some simple experiments with a doubled-valued sliding law as our basal boundary condition to investigate the stress balances in ice streams that slide over a base capable of supporting only low stresses ( Y , where Y is yield stress of the basal sediment) at high velocities. One might think that the ice stream could now run away due to the low basal resistance at the bed, but in practice this does not happen; the driving stress is, instead, resisted by lateral shear stresses in the ice-stream margins.
For ease of comparison, and to enable the use of the same model set-up, we formulate a sliding law using tanh functions to reshape the function given by Eqn (8). Given that our triple-valued law can be written
where is as defined in Eqn (7). Figure 6a is a plot of this function alongside the original triple-valued function (dashed curve). 
Steady-state ice streams under a double-valued sliding law
To see the effect of using a double-valued sliding law on icestream formation, we ran a set of simulations similar to those in Section 3. For small accumulation perturbations these exhibit the same behaviour as with a triple-valued sliding law (as expected, due to the sliding laws overlying each other at low velocities). It is the behaviour on the unstable branch that is of interest; under what parameter combinations can a stable stream-like solution be maintained? Experimentation shows that under most parameter combinations, a solution to the governing equations resulting in a steady-state stream is not possible. Streams that form increase in velocity rapidly (there are insufficient stresses to hold them back) and since there is limited incoming accumulation a balance is not possible, i.e. Eqn (20) cannot be satisfied, and so the code stops converging unless membrane stresses increase quickly enough to hold back the stream. As such, only under very specific combinations of parameters does a fully coupled nonlinear evolution of the governing equations with the double-valued sliding law (Eqn (21)) reach a steady-state stream solution. Figure 7 gives an example of one solution resulting in a steady-state Newtonian stream.
Note that there are a number of parameters in the sliding law neither constrained by observations nor directly related to the physics (e.g. the smoothing parameter, , the value of þ at the peak of the sliding law and the magnitude of the accumulation perturbation). The large parameter space means it is difficult to choose the most representative values of all the parameters.
A simpler model for an ice stream underlain by weak till
To determine the parameter combination needed for a steady-state stream to form under the double-valued sliding law, we consider a simple model of an ice stream and ascertain the balance of terms when the basal stress is not providing full resistance to the stream. The cross-stream velocity component is taken to be zero (v ¼ 0) and u is taken to vary only in the cross-stream direction (i.e. u is a function of y only, as for the shear-margin-width scaling in Section 3.2.1). The domain is taken to be of constant depth, h ¼ 1, and so r rs ¼ r rb ¼ ðÀ, 0Þ. (We use ¼ 1 for the simulations run in this paper, but we carry out this scaling analysis for the most general case.) Under these simplifications the only non-trivial governing equation is
As for the shear-margin-width scaling, vertical shear within the stream is taken to be negligible compared with lateral shear across the margins, meaning that 2 can be approximated as ð" 2 = 2 Þ 2 12 and nÀ1 % "
We also assume a yield stress of the basal sediment beneath the ice stream, Y . Hence 13 ðbÞ ¼ Y in Eqn (22) and it becomes Y % þ "
Integrating Eqn (25) in y and applying the centre-line condition, @u b =@y ¼ 0 at y ¼ 0, we get
Assuming the highest velocity is at the centre of the ice stream, this simplifies to
and we now have
This describes a velocity profile across an ice stream under our model formulation with a double-valued sliding law. Furthermore, defining W s to be the width of an ice stream, u b ðAE W s =2Þ ¼ u 1 to be the basal velocity outside that ice stream (usually close to zero), and taking
as a relationship between the non-dimensional velocity Table 1. change between the inside and outside of the stream and the non-dimensional width of the ice stream, the basal yield stress of the underlying till, the bed slope and the controlling parameters, and ". This is the well-known result for a parabolic velocity cross-profile of an ice stream (e.g. Raymond, 1996; Van der Veen, 1999) , but also includes the dependence on the controlling model parameters, " and .
For example, given ice with non-Newtonian rheology ðn ¼ 3Þ, and taking our typical scalings for an ice sheet, " ¼ 0:005 and ¼ 0:015 (Table 1) , we have
Typical driving stresses for pure ice streams are in the region of 10-20 kPa (Raymond, 1996; Truffer and Echelmeyer, 2003) with basal stresses of $1-10 kPa (Sayag and Tziperman, 2009) . Taking Y À $ 10 À1 , we get the result that ice streams with velocities in the range 10 2 -10 3 m a À1 , as in the Siple Coast, will be between $30 and 60 km wide, which is in agreement with observations (e.g. Paterson, 1994) .
Furthermore, in Section 4 we experimented with simulations using Newtonian rheology ðn ¼ 1Þ, ¼ 1, Y ¼ 0:3 and varying values of and accumulation magnitude. Equation (29) suggests they therefore should obey
and we illustrate this behaviour with a plot of ÁU against W 2 s in Figure 8 . The deviation from the scaling is due to numerical inaccuracies, as the width of the ice stream is very sensitive to numerical resolution. The simulations for Figure 8 were run with n i ¼ n j ¼ 100.
It is important to note that the simulations run to create this figure do not all necessarily lie within physical parameter space: the velocities span a much wider range than that found in nature. Moreover, this scaling explains why there is such sensitivity to changes in parameters. Given a certain basal stress underneath the stream, the membrane stresses are only sufficient to hold back the stream if the combination of parameters chosen satisfies Eqn (29).
DISCUSSION
Comparison of stress fields under the two sliding laws
We now consider in detail the stress balances in ice streams that occur as a result of contrasting sliding laws. Figure 9 shows cross-stream velocity profiles for streams formed under both triple-valued and double-valued sliding laws, and the corresponding plots of the magnitude of basal stress and lateral shear stress. Figure 9a illustrates how the cross-stream velocity profile changes with variation in under the triple-valued sliding law. Narrowing of the shear margins at higher values of , as discussed in Section 3.2.1, can be seen clearly. Figure 9b shows how the corresponding distribution of the basal stress changes with variations in . As decreases, increasing the significance of the membrane stresses in the stress balance, the delocalizing effect of the membrane stresses means the basal stresses do not increase back to the stable value within the width of the ice stream. Only at higher values of , when the margins are narrower, do the basal stresses rapidly increase to be in balance with the driving stress. The behaviour of the basal stress within the shear margin itself is complex. The stress field at first increases while moving from the slow-flow region into the stream, corresponding to an increase in b from the intersection point of the stable branch of the triple-valued sliding law with the line b ¼ d to the value of þ at the peak of the sliding law. It then decreases rapidly as the velocity increases to the inner ice-stream velocity, consistent with a decrease in basal stress along the unstable branch of the sliding law. This provides a physically plausible profile, if we assume that outside the ice stream the bed is frozen, and across the shear margin there is a transition to temperate bed conditions, due to the increased internal and frictional heating as velocities rapidly increase (Schoof, 2012) . The fast-flowing ice in the stream results in large horizontal shear across the margin (Fig. 9c) , and the basal friction increases due to the increasing velocity. These two effects will cause increased heating, both internally and at the bed, and so further into the margin the temperature will reach the melting point, resulting in internal and basal melting. The meltwater will lubricate the bed, causing a rapid decrease in basal friction while moving further into the ice stream, and reaching a minimum inside the shear margin.
Finally, Figure 9c shows the corresponding distribution of lateral shear stress through an ice stream with a triple-valued sliding law as the basal boundary condition. There are maxima in the lateral shear in the margins, where the rapid transition from slow flow to streaming flow occurs. At high these peaks in longitudinal shear stress magnitude are restricted to narrower bands. As a consequence, the lateral shear stress is of larger magnitude in these bands because the same velocity change occurs over a smaller distance (@u b =@y is larger). Figure 9d -f correspond to Figure 9a -c, but are results with a double-valued sliding law. The velocity in the ice stream is no longer defined by the sliding law, but instead by the scaling, Eqn (29). The velocity of a steady-state stream increases linearly with , given a specified ice-stream width. The choice of is therefore critical in governing whether a stable stream can form in the model or not, once the magnitude of the forcing accumulation perturbation has been chosen (which, in turn, governs what width and velocity of ice stream can form, according to Eqn (20)). Figure 9e shows the basal stress profiles across ice streams formed with the double-valued sliding law. At higher values of the peak of the sliding law (given by the value b ¼ þ in Fig. 6a ) is increased and hence there are larger values of basal stress in the margins when compared with the triple-valued sliding law. If the maximum was only as large as for smaller values of , the membrane stresses would not be strong enough to hold the entire stream back. In Figure 9b for the triple-valued case, when is larger (and the margins therefore thinner), it is the basal stress that acts to stop runaway of the ice stream. In contrast, in the doublevalued case there is a constant, very low resistance provided by the bed underneath the stream, and so resistance in the margins must be larger for the ice stream to be in balance. Figure 9f is a plot of the magnitude of the lateral shear stress throughout the stream. As increases, the lateral shear magnitude also increases, due to the larger velocity change occurring over the margin. There is insufficient basal traction to support the stream, so membrane stresses play a more significant role in balancing the driving stress.
In summary, under a triple-valued sliding law, at lower values of the lateral shear and the basal drag both play an important role in the force balance of an ice stream; while at higher values the basal stress plays the dominant role in providing the resistive drag. A double-valued sliding law, however, enforces a low basal stress beneath the ice stream and so a restricted range of parameters is allowed, such that membrane stresses are large enough to hold back the ice stream throughout. For the membrane stresses to be large enough at higher values of , a larger velocity difference across the ice-stream margins is required (hence larger values of @u b =@y).
A suitable value of ?
Throughout this work we have presented models with various values of to explore the controls on stress balances in ice streams. How does the scale, , affect the proportion of velocity which is due to sliding both inside and outside an ice stream? Figure 10a is a plot showing the fraction of the ice-stream velocity that is due to sliding at the bed; Figure 10b illustrates the fraction of surface velocity due to sliding at the bed over the entire domain for various values of in both the Newtonian and non-Newtonian cases.
In the ice stream itself, increasing results in a smaller proportion of the streamflow due to sliding, since vertical shear is favoured in the stress balance. For $ Oð10 À2 Þ, over 99% of the flow in the stream is due to sliding, as has been observed in some Antarctic ice streams (e.g. Lü thi, 2010).
The triple-valued sliding law predefines the basal velocity both within and outside the ice stream. In particular, the sliding velocity outside the stream corresponds to the point where the slow stable branch intersects, b ¼ d ¼ 1 in Figure 1 . The high proportion of velocity outside the stream due to sliding for small is a consequence of this; the vertical shear adds only a very small proportion of velocity. If, however, there were no slip outside the ice stream (if the ice were frozen to the bed) then there would still be some flow, all due to vertical shearing, outside the ice stream. This is in contrast to the SSA, which would result in no flow.
A clear benefit, therefore, in using a hybrid formulation (such as the one described in this paper) is that it can attribute varying degrees of surface velocity to sliding at the bed over a single domain. The SSA produces vertically uniform, plug-flow solutions, which may be accurate in the ice stream itself but do not accurately represent the transition to slow flow outside the stream. The SSA also cannot be used to model the emergence of ice streams, since it provides an inaccurate description of the ice flow before the stream has developed. Of course, the SIA with added sliding also allows different areas of the bed to have varying ratios of surface velocity due to sliding (as in the high-limit in these plots), but it is well known that the SIA rapidly loses its accuracy as sliding increases (e.g. Gudmundsson, 2003) . The SIA does not include membrane stresses in the stress balance which, as we have shown here, have important stabilizing effects on ice-stream formation.
The model formulation presented in this paper also has the potential to be applied to other regions of an ice sheet, where there are no abrupt changes in basal or surface elevation and the basal stress is non-zero (i.e. 6 ¼ 0 to avoid the membrane stress term in Eqn (5) becoming infinite). These are valid assumptions in the region of grounding zones, although not over the grounding line itself, where the transition to a shear-free model occurs.
The main advantage of this formulation, however, is the fact that it can accurately model ice that is sliding rapidly while also accrediting varying degrees of velocity to sliding over the domain; this is most useful in the region of ice streams where there are abrupt changes in the dominant motion.
Limitations of the model
The model used in this work is idealized so it is possible to identify critical controlling mechanisms associated with ice-stream stress balances, to improve our understanding of ice-stream stability.
An important limitation of the model is that we do not incorporate energy conservation, and so have assumed the ice to be at a constant temperature. It is well known, however, that thermal effects play an important role in ice-stream dynamics, since ice-stream beds have been found to be at melting point (Engelhardt and others, 1990; Iken and others, 1993) . Moreover, Clarke and others (1977) suggested that streaming can be an inherent feature of ice sheets and glaciers under certain conditions, due to a creep instability from purely thermomechanical feedbacks. Further investigations including ice dynamics coupled with the thermodynamics used the SIA (MacAyeal, 1992; Payne, 1995; Payne and Dongelmans, 1997). Hindmarsh (2006a) then demonstrated that the inclusion of membrane stresses dampens these thermomechanical instabilities at short transverse wavelengths, although a thermoviscous feedback mechanism does still provide a mechanism for stream formation under the SSA and full Stokes. While our work to date has focused on feedbacks relating to the basal boundary condition, we intend to include thermal effects more comprehensively in future work. Including them in the rheology would have significant effects at the margins; we would expect the shear thinning effect to be further increased.
Another important aspect neglected in this work is the stabilizing effect of buttressing from ice shelves (e.g. Thomas, 1979; Hindmarsh, 2006b; Goldberg and others, 2009 ) and the corresponding destabilizing effect that calving events can have on an ice stream (e.g. Hughes, 1992) . In this study we have cut off our domain before the grounding line and so include no ice-shelf/ice-sheet interaction. We would not, however, expect these effects to significantly alter our results. The hybrid formulation would still provide an apt description of ice-sheet flow, and while buttressing might dampen instabilities (and similarly calving events might allow an instability to develop), this would only add some irregularity to results and some quantitative changes in the location of divides between flow regimes.
SUMMARY AND CONCLUSIONS
The theoretical model outlined in Section 2 introduces a new hybrid formulation suitable for describing ice-flow dynamics both in, and in the vicinity of, ice streams. The details of the derivation are provided in Appendix A. To benchmark the model we consider a set-up based on Sayag and Tziperman (2009) and apply a triple-valued sliding law at the bed. We show our results to be in agreement with theirs. We then look at the interplay of the triple-valued sliding law with the hybrid approximation, demonstrating the importance of using a model that includes both vertical shear and longitudinal stresses. Variations in the choice of the scaling parameter, , given a certain forcing, can alter the flow behaviour significantly. This value also governs shear margin width, as demonstrated with a simple scaling argument and by comparison of simulations with different values of . The hybrid approximation allows us to compare the significance of different stress components and study, in more detail, their relative importance in icestream formation.
We have also examined the effect of using a doublevalued sliding law (Section 4). Simple physical considerations justify experimenting with a law of this form. While the triple-valued sliding law might represent behaviour due to switching between drainage systems (Sayag and Tziperman, 2009) , or a thermoviscous feedback mechanism (Fowler and Johnson, 1995, 1996) , its properties mean that there is only a small difference in basal stress inside and outside an ice stream (Fig. 9b) . This is not the case under most ice streams, where the basal stress is considerably lower (e.g. Kamb, 2001; Joughin and others, 2004) specifies a low basal stress under fast-flowing ice. We found a scaling showing the critical dependence of the ice-stream velocity on the width of an ice stream, the basal yield stress of the underlying till, the bed slope and the parameters and " for membrane stresses to be sufficient to balance the gravitational driving stress in an ice stream.
Our results demonstrate the benefits of using a hybrid of the SIA and SSA when describing ice flow in the region of ice streams. Varying the scaling parameter, , in the model results in behaviour variability given the same forcing; the stabilizing effects of membrane stresses become apparent at low values of the stress ratio, while at $ Oð1Þ the increased flux due to the vertical shear inhibits the formation of ice streams.
Having considered two heuristic sliding laws in this study, the results further suggest that there are many potential hydraulic mechanisms occurring under the ice that can give rise to ice streams and surging behaviour. Winsborrow and others (2010) describe seven potential controls on icestream location, all of which had been previously proposed in the literature, and suggest that topographic focusing, 'soft' subglacial geology, subglacial meltwater routing and calving margins are the most common controlling factors. The spatio-temporal dynamics of ice streams will vary, depending on which of these controlling factors are dominant, and so it is important to work more on understanding each of them, and interactions between them. Using purely phenomenological sliding laws allows us to gain qualitative insight into the effect of different controlling mechanisms. For example, in this work, different assumptions about drainage behaviour and till plasticity lead us to formulate sliding laws of the form of Eqns (8) and (21), and both result in characteristic streaming behaviour.
The results therefore emphasize the importance of continued research on the coupled dynamics of ice streams and subglacial hydrology. The parameter space of present models is large, and many of the parameters are unconstrained by observation. While work is already being done with plastic-bed and simplified hydrology models (e.g. Bueler and Brown, 2009; Bougamont and others, 2011; Van Pelt and Oerlemans, 2012) , there is scope for further work in this area, not only considering plastic till behaviour. Furthermore, although using idealized models (such as considered in this paper) may not accurately represent all the complicated physical processes taking place at the bed, they do help to identify critical controlling mechanisms associated with the problem. Our aim for future work is therefore to represent the physics at the bed more directly, rather than through parameterized sliding laws, and to investigate the coupled behaviour in greater depth. Engelhardt H and Kamb B (1991) carry out on this case, a solution exists of the form
with x 0 ¼ ðÀ8" 2 =Þ 1=2 tanh À1 ðÀ À1=2 Þ.
APPENDIX C. ALTERNATIVE SET-UP
An alternative model set-up is with bedrock perturbations that channelize the flow in the onset region, as illustrated in Figure 11 . We again enforce zero inflow to the domain and so apply an accumulation perturbation in a strip along x ¼ 0, with a magnitude representing the sum of lesser accumulations from upstream (as in Sayag and Tziperman, 2011) . This results in the same three distinct flow regimes, but with less regularity to them as compared with the set-up used in the rest of the paper. Figure 12 illustrates results from a set of simulations. For the steady-state stream solution, there is an oscillation between which side of the domain 'feeds' the stream, an instability also seen by Sayag and Tziperman (2011) when they use a very similar model setup. Benefits to this set-up include the fact that it is possibly more representative of the natural system, since pure ice streams often have prominent bedrock topography in their onset regions (Anandakrishnan and others, 1998; Bell and others, 1998) .
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